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Propositional Logic (

—1.1 Propositional Logic —

Step 1. Convert program
into mathematical formula.
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A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional formula.
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Avre these enougin?




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.
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It Looks Like “xor”, but wh Y
oo nwot we have Lt?




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

P Q PVQ

T T F —

TR PVQ = ((P A (=Q)) V ((—P) A Q))
T F T

F F F Because it can be represented with

a WFF.



Completeness Of Connectives

( BX&E1E5ER1E )
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DEFINITION

A group of connectives are complete if

1). Every formula can be converted to an equivalent formula and

2). The formula only includes connectives in the group.




Completeness Of Connectives

( BX&E1E5ER1E )

p OBSERVATION

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.

L 2) The output is the truth value of the formula.




Completeness Of Connectives
( BXGinEE&H )

p OBSERVATION

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.
( )

If every such function can be converted
to a wif, we can prove completeness. }

\_




Completeness Of Connectives

(BXEiEE= 1% )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_

DEFINITIONS

( . : .
n-place Boolean function: a function with n parameters and a Boolean
return value.

a realizes the function G: a and G have the same truth values.




Completeness Of Connectives

( BX&E1E5ER1E )

THEOREM

\_

-
n-place Boolean fu
return value.

\

Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizess~=—fmmbimm - N

Fow to reasown Lt out?

a realizes the function G: a and G have the same truth




Completeness Of Connectives

( X458 e R )

THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O
such that O realizespm—famiiant= N

\_

Let’s start with a slmpLe

case (L.e. n = 2).

-
n-place Boolean fuk
return value.

a realizes the function G: a and G have the same truth D_:\




Completeness Of Connectives

( BX&E1E5ER1E )

r N
How many conmectives we

can define when n is 2.
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Completeness Of Connectives

( BX&E1E5ER1E )
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Completeness Of Connectives

( BX&E1E5ER1E )

P Q 20(P,Q) g1(P,Q) £:(P,Q g(P,Q g(P,Q g(P,Q) gs(P,Q)
F F F F F F F F F
F T F F F " F ‘- T i
T F F F T T F F T
T T F i F i i F T  ;
21(P,Q) g(P,Q g(P,Q £10(P,Q gulP,Q £1:(P,Q £13(P,Q guu(PrQ) £15(P,Q)
F T ‘) T T T b T T
i F F F F T T T P
T F F T T F F : §
T F T F T F T F
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Exercise, What about g, ?




Completeness Of Connectives

(BEREE Y )

go(P,Q) gi(P,Q)

P Q
FF
FoT
T F
T T

4 | : %
More exercises... j> oY
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Completeness Of Connectives

( BX&E1E5ER1E )

go(P,Q) gi(P,Q)

P Q
FF
FoT
T F
T T

— T o o
o A

" can we derive general
rules 2?27?

.




Completeness Of Connectives

(P,Q) &1(P,Q) Stept: find all true rows ]
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Completeness Of Connectives

P Q g(P,Q) g(P,Q)

F F T

F T IT T

T F F F

T T F
(=P) A (—Q)

[ Stepd: find all true rows ]

>
Step2: generate a formula

for every row

~\
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Completeness Of Connectives

P Q g(P,Q) g(P,Q) [ Stept: find all true rows ]
F F T e N\
F T IT T Step2: generate a formula
T F F F oY eVerl Yow

T T F \ f d <

4 N\
stepzz use “or” to connect
these formulas

- )

g(P, Q) = ((=P)AN (=Q)) V((=P)A Q) V (P A Q)




Completeness Of Connectives

go(P,Q) gi(P,Q)

.

P Q
FF T T
F T T
T F F -
T T T F
( )
what about g1 (P,R)?

J

[ Stepd: find all true rows ]

.

é )
Step2: generate a formula

for every row

J

.

4 N\
stepzz use “or” to connect

these formulas

J

g(P, Q) = ((=P)A (=Q)) V((=P)AQ)) V(P A Q)

g1(P, Q) = ((=P) A (=Q)) V((=P) A Q)



Completeness Of Connectives

g(P, Q) &1(P,Q) [ Another algorithm ]

P Q
FF
FoT
T F
T T

— M~ -
m T~




Completeness Of Connectives

P Q g(P,Q) &(P,Q) Stept: find all false rows ]
FF T T

F T T T

T F F

T T T

F




Completeness Of Connectives

[ Stepd: find all false rows

)

P Q g(P,Q) g(P,Q)
FF T T
F T T T
T F F :
T T T
(=P)V Q) ((=P)V(—Q))

>
Step2: generate a formula

for every row

J




Completeness Of Connectives

P~ Q g(P, Q) &(P,Q) [ Stept: find all false rows ]
F F T T - )
F T T T Step2: generate a formula
T F F F DY EVErY YOW

T T T -(: J

.
-

J
\

g1(P, Q) = ((=P)V @) A

Step3: use “and” to
connect these formulas

J

e

(=P)V(=Q))



Completeness Of Connectives

P~ Q g(P, Q) &(P,Q) [ Stept: find all false rows ]
F F T T - )
F T T T Step2: generate a formula
T F F for every row
T T T F > <
/\ Step3: use “a nol” to
4 )
connect these tormulas
what about o0 (P,R)? o formu y
N y W

g1(P, Q) = ((=P)V Q)A((=P)V (=Q))
&(P, Q) = ((=P)V Q)



Completeness Of Connectives

P Q g(P.Q) gi(P,Q) P Q g(P.Q) gi(P,Q)
F F F F T T
F T F T T T
T F F F T F F F
T T F T T T F

g(P, Q) = (=P)A (=Q)) V((=P) A Q) V (P A Q)
g1(P, Q) = (=P)A (=Q)) V((=P) A Q)



Completeness Of Connectives

go(P, Q) g1(P,Q) g(P, Q) g1(P,Q)

P Q P Q
FF F F T T
F T F T T T
T F F T F [F]
T 7 [T] T T T

go(P,Q) = (-P)A =@V ((=P)AQYV (PAQ) &P Q) =((=P)V Q)
g1(P, Q) = (=P)A (=Q)) V((=P) A Q) g1(P, Q) = ((=P) vV Q) A ((=P) vV (=Q))



Completeness Of Connectives

g(P, Q) gi(P,Q) (P,Q) g(P,Q)

81(P, Q) = ((=P) N (=Q)) V((=P) A Q) 81(P, Q) = ((=P)V Q) A ((=P) V (=Q))

M1. According to the T rows M2. According to the F rows



Completeness Of Connectives

(BXEiEE= 1% )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_

SVSTSTNTE SVaVNTaly

n

retl We now give a formal proof




Completeness Of Connectives

( BX&E1E5ER1E )

THEOREM N
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_ y,

e Proof ~
If G always return F, then a =P A (= P). ltis clear O realizes the

function G.

Otherwise, G returns true sometimes. Suppose there are k cases where
kC—Z- returns true.

J




Completeness Of Connectives

Proof
/There are k inputs that can make G return true:
G(Xll’ X12, "y Xln) — T

G(X21, X22, "y in) — T

G(Xkli sz, ey an) =T

Then we can construct a in the following way.

( .

ﬁij:{"Pj if Xij=F

\

Looks Like algorithw above

~N

Yi = Bir A A Bin
\& =71V Vi \\

7




Completeness Of Connectives

. Proof
When G returns true, it is clear that a is true.

When a is true, there must be some y; is true.

There is only one assignment that can make y; is true.
Under this assignment, G returns true.

/

P: f X..: =T
CX11, X1z, .0y K1) = T bij =1 ]P. ll]]: XU =F
G(X21’X22’ ...,in)=T k_l J lj

Vi = Bia A A Bin
G(Xkl,sz, ...,an)=T C(:]/1V"'Vyk

\_




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional formula.

4 )

Ave tlfleg opt’umaL???




Completeness Of Connectives

We already know that
P~ Q=(P—Q A(Q— P)

The group becomes {7, A, Vv, —}

what about “—" 7 \‘ f'~




Completeness Of Connectives

_>

T T , ,

. . mplication can be expressedt
T T b@ “wot” and “or”

T T

~\

The group becomes {1, A, V}

\. J




Completeness Of Connectives

P Q PAQ ~((—-P)V(-Q))
T T T T
T F F F
F T F r
F F F [

N\

“‘and” can be expressed
by “not” and “or”

.

~\

J

P Q PvR ~((-P)A(=Q)

T T T T

T F T T

FoT T T

FF |F F
r_/\ A

“‘or” can be expressed by
“not” and “and”

\. J

Finally, {7, A} and {7, v} are all complete
We cannot eliminate elements from them.



4 Now, can You use the A
propositional logic to

formalize the “2 queens
S problem theorem?” }




Example

P1

P2

Theorem: Two queens problem has no solution.

P3

P4

REPHRASE
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.

™

4 , )
How to formalize the

. probtem has no solutlon?

J

~




Example o1 | P2

Theorem: Two queens problem has no solution. |r3 | P4

REPHRASE
4 N

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

column or diagonal.

There are four positions on the chessboard. We now define
four propositional variables P1, P2, P3 and P4.

P1 signifies that there is a queen on position 1. =P1 signifies
there is not a queen on position 1 and so on.

\_ /




Example
Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
(2

chessboard so that no two queens share the same row
column or diagonal.
First, we formalize the requirement:

(((((=(PLA P2)) A (=(PLA P3)))A

(=(PLA P4))) A (—(P2A P3)))A

(=(P2A P4))) A (—(P3 A P4)))

queens problem: placing 2 chess queens on an 2x2

~u




Example

Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
/

column or diagonal.
Second, we formalize the placement:

(((P1 AP2) A (<P3)) A (ﬂP4)) v (((P1 A P3) A (~P2)) A (—~P4)
(((P1 A P4) A (=P2)) A (ﬂP3)) v (((Pz AP3) A (P1)) A (=P4)
(((Pz A P4) A (<P3)) A (ﬂP1)) v (((P3 A P4) A (~P1)) A (=P2)

\_

)
)
)

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

Vv

Vv

~




Example

P1 | P2
Theorem: Two queens problem has no solution. |r3 | P4
e REPHRASE ™
2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.
(((PLA P2) A (—P3)) A (—P4))V
(((~(PLAPY A ((PLA PR (PIAEP2)API) APV
(<(PLAPE) A (<(P2APIA A (((PLA(=P2)) A (=P3)) A P4)V o F
(=(P2 A P4))) A (=(P3 A P4))) (((=P1) A P2) A P3) A (—P4))V
(((=P1) A P2) A (—P3)) A P4)V
\ (((=PL) A (=P2)) A P3) A P4) /
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Truth Table

There are 4 propositional variables.

Pi ... Py g(P1, P2, P3,Ps) ) ???ROWS]

Tr ... T T




Truth Table

There are 4 propositional variables.

Pi ... Py g(Pi,Pa, Ps Ps) ) 16 ROWS ]
T .. T T
F F T N\
Tf If there are n variables, how
many rows in the truth table?

2" 1

\_ J




p
what will affect the computation

cosSt?
\_

~N




4 A

The computation cost depends
on #v/ariables and the
complexity of the formula.

\_




4 )

can we sbmplify the formula???

\_




((( ( (-P4))
((((~(PLA P2)) A (~(P1 A P3)))A (((PLA (=P2)) A P3) A (=P4))V
(~(PLAPE) A ((P2A PN A ((PTA(RP2))A(SPI)) A P4V
(—(P2 A P4))) A (~(P3 A P4))) ((=P1) A P2) A P3) A (—P4))V

((((=P1) A P2) A (—P3)) A P4)V

(((=P1) A (=P2)) A P3) A P4)

-

\_

Can we eliminate them flrstly
without affecting the semantic?

J

~ F



Operator Precedence

(PV Q)AR)

PVQAR P=T,Q=FR=F

(PV(QAR))



Operator Precedence

Recap: what does —=(P1 A P2) mean Iin two queens
problem??

But, what does —P1 A P2 mean?



Operator Precedence

We introduce operator precedence like that in C,
C++ and python

- > N > V> = > &

—P1 A P2 PV QAR



Operator Precedence

Only operator precedence is not enough
P—Q—R




Operator Precedence

The real meaning is
P—(Q— R)




Operator Precedence

But there is can be a different interpretation
(P—Q)— R




Operator Precedence

Left-associative ( £S5 )
v The same precedence are evaluated in order from left to right.
P—Q—R




Operator Precedence

With operator precedence and association, we cannot
write the following formula with less parentheses.




Exercise

How to parse this statement?

X —=>YVZ—->XVYANZ

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—->XVYANZ

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—=>XV(YANZ)

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?
(—-X)—=>(YVZ)—= (XV(YAZ))

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(=X)—=>(YVZ) = (XV(YANZ))

Operator precedence

- > AN >V > = >

All operators are left-associative



P1 A P2) A (=P3)) A (—P4)

((( )
(~(PLA P2 A (—(PLA P3))A  ((PLA(2P2)) A P3) A (=P4))
(~(PLA PO A (~(P2API)A - A (((PLA(=P2)) A (=P3)) A P4)V
(=(P2 A P4))) A (—(P3 A P4))) ((((=P1) A P2) A P3) A (—P4))
((=P1) A P2) A (=P3)) A P4)
((( )

(=P1) A (=P2)) A P3) A P4
/\

( 2
which parentheses can be

eliminated?
\_

— F



(((PLAP2)A(—P3)) A (—P4))V
(5(PLA P2 A (~(PLA PI))A  (((PLA(=P2)) A P3) A (=P4))V
(~(PLA PO A (~(P2A PN A (((PLA(=P2)) A (=P3)) A P4)V
(—(P2 A P4))) A (—(P3 A P4))) (((=PL) A P2) A P3) A (=P4))V
(((=P1) A P2) A (=P3)) A P4)V
(((=P1) A (=P2)) A P3) A P4)

(((PLAP2) A(=P3)) A(=P4)) ) P1AP2A-P3A—P4

What about this? —(P1 A P2)

— F



Propositional Equivalences ( &1{H )

Theorem
4 )

Propositional Equivalences (Z#{g) : If two formula P and
Q has the same truth value under any assignment, they are
equivalent. Itis denoted by P =Q or P < Q.

Equivalence Theorem (F5{EEH) :P=Qiff P > Q is
always true.

\_ /




De Morgan‘s Laws ( EEiR{E )

-

\_

Theorem

De Morgan’s Laws:

—l(P/\Q)=—|PV—|Q,—|(PVQ)=—|P/\—|Q

—(P1 A P2) can be replaced by —=P1 Vv —P2.

What does - (P1 A P2) and -P1V —-P2 mean?




More Laws

Theorem

-

Double Negation (X{E

BRER)
——=P =P

=D

P— Q
T

e

M~ -H|o
M- T 0
Rl

<

According to Frows, P — Q = =PV {(Q
and APV Q = —(P A-0Q).
So,P— Q =-(PA-0Q)




More Laws

-

Theorem

Associative Law (&£4&48) -

(PVQRQ)VR=PV(QVR)
(PANQ)AR=PA(QAR)
(P Q) R=P+ (Q+ R)

(P — Q)—>R#P—>(Q—>R){

Warning!




More Laws

s Theorem
Commutative Law (ZZ#ef2)
PVQR=QVP
PANQR=QAP
P+ Q=Q« P
\§
N
It is wrong. Can you give

P—Q=Q—FP? a counterexample?
J




More Laws

- Theorem p
Idempotent Law (588 &) ', p_p
PAP=P
P« P=T
\ P—P=T )
~ [heorem )
: 1—1F) -
Identity Law ([F]—71%) : Py F—p
PANT =P
I'—P=P
T« P=P
P— F==P
\_ F P=-P )




More Laws

/ Theorem
Complementary Law ((MRER) :

PV-P=T
PA-P=F
P— —-P==P
P> P=P
Per—P=F
Zero Law (Ff2) :
PVT =T
PANF=F
PoT=T

\\ F>P=T




More Laws

e Theorem

Distributive Law (43rH2fE)
PV(QAR)=(PVQ)A(PVR)
PAQOQVR)=((PAQ)V(PAR)

Absorption Law (WY&f) :
PV (PAQ)
\_ PA(PV Q)

AN(QLY Q2 V...V Qp) =7



More Laws

e Theorem

Distributive Law (43rH2fE)
PV(QAR)=(PVQ)A(PVR)
PAQOQVR)=((PAQ)V(PAR)

Absorption Law (WY&f) :
PV(PANQ)=P
\_ PAN(PVQ)=P

PA(QYV QV..VQy)=(PANQ)V(PANQR)V..V(PAQp)



Example

(

(

(((PLA P2)A(=P3)) A (—P4))V
(((PLA(=P2)) A P3)A(—P4))V
(((PLA(=P2)) A (=P3)) A P4)V
((((=P1) A P2) A P3) A (—P4))V
(((=P1) A P2) A (=P3)) A P4)V
((((=P1) A (—P2)) A P3) A P4)
)N
(((((=(PLA P2)) A (=(PLA P3)))A

(=(P1A P4))) A
(=(P2 A P4))) A
— F

(—=(P2 A P3)))A
(—(P3 A P4)))

, )
Eliminate redundant
parentheses

d

J




Example

(
(P1 A P2 A —P3 A —=P4)V

)
(PLA—=P2A P3AN-P4)V
(P1A=P2A—-P3A P4)V
(=P1AP2AP3A—-P4)V
(=P1 A P2 A—P3 A P4)V
(-P1 A—=P2A P3 A P4)

)N
—(P1A P2) A—=(P1A P3)A
—(P1A P4)AN=(P2A P3)A
—(P2 A P4) A —~(P3 A P4)
— F

-

\

We can Eliminate more

Parentheses. But we
retain them for
reaolo bLL'Ltg.




Example

(
(P1 A P2A—=P3A—=P4)V

)
(PLA—=P2A P3AN-P4)V
(P1A—=P2A-P3A P4)V
(=P1AP2AP3A—-P4)V
(=P1 A P2 A=P3 A P4)v
(~P1A—-P2A P3 A P4)

)N

=(P1A P2) A=(P1A P3)A
—(P1A P4)AN=(P2A P3)A
—(P2 A P4) A —(P3 N P4)

~ F

-

\

~

Now wWe can use Laws to
convert the formula on

the left to F. Try to use
distributive law first.




Example

(P1 A P2)]\ —P3 A =P4A
(P1A P2))\ —~(P1 A P3)A

P1A P4 P2 AP » A
(PLA P4) A =(P2 A P3)A Now commutative Law
(p2 A P4) A —=(P3 A P4)V

ang assoclative Law.

I

J
J

J

~P1A=P2A[P3 A P4)

—(P1A P2) A—=(P1A P3)A
—(P1A P4) A —=(P2 A P3)A
(P2 A P4) A|~(P3 A P4)



Example

(P1 A P2) A —=(P1 A P2)

—“P3A-=P4A-(PLAP3)A
—(PLA P4) AN =(P2 N P3)A N
—(P2 N\ P4) A =(P3 A P4)V

Now wmptemewtara Law.

P3 N P4) A\ (P3 N\ P4) /
(P1LA P2) A=(P1A P3)A

(PLA P4) A —=(P2 A P3)A

(P2 P4) AN —=P1A P2

I

J



Example

FVFVFVFVFVF

!

F

N
we have succ@ss{uLLg

F« F \\ convert the left to F.
y




Exercise

P—Q=-Q—-P
P—-(Q—R)=Q—(P—R)

P—-(Q—-R)=(PANQ)—R

— T

Can You prove them by laws
instead of truth table?

\§

~\

J




